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Abstract:Under investigation is a variable-coefficient Boiti-Leon-Manna-Pempinelli equa-
tion (vcBLMPe). Multi-waves solutions are obtained by the three waves method with vari-
able coefficients. Based on the homoclinic breather approach, breather wave solutions are
derived. Lump-type solutions are studied by using the Hirota’s bilinear method with vari-
able coefficients, which contain lump solutions and interaction solutions between lump and
solitary wave.
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1. Introduction
With the development of symbolic computation, nonlinear evolution equations (NLEE)
and their solutions play an important role in almost all branches of physics, such as hy-
drodynamics, plasma physics and optical fiber [1-6]. Then various methods were proposed
by the researchers [7-12]. NLEE with variable coefficients are often able to describe more
complex physical phenomena, so they have attracted great attention [13-17]. In this paper,
a (2+1)-dimensional vcBLMPe is studied as follows [18]
a(t)uxt + b(t)uyt + c(t)uxy + k(t)uyy + 3 (uxuxy + uyuxx) + uxxxy = 0, (1)
where u = u(x, y, t), a(t), b(t), c(t) and k(t) are differentiable functions. Soliton solution
and new bilinear Ba¨cklund transformation by using Bell polynomial technique and bilinear
method have been obtained in Ref . [18]. As far as we know, multi-waves, breather wave
and lump-type solutions of Eq. (1) have not been studied yet.
In Ref. [18], the bilinear form of vcBLMPe can be written as
(DyD
3
x + a(t)Dt Dx + b(t)Dt Dy + c(t)Dy Dx + k(t)D
2
y)ξ · ξ = 0 (2)
with u = 2 [lnξ(x, y, t)]x, which is equivalent to
ξ[a(t)ξxt + b(t)ξty + c(t)ξxy + k(t)ξyy + ξxxxy]− a(t)ξtξx
−b(t)ξtξy − c(t)ξxξy − k(t)ξ
2
y − ξxxxξy + 3ξxyξxx − 3ξxξxxy = 0. (3)
The structure of this paper is as follows. Section 2 presents multi-waves solutions by
using the three waves method with variable coefficients; Section 3 obtains the breather wave
solutions based on the homoclinic breather approach; Section 4 studies the lump-type solu-
tions by applying the Hirota’s bilinear method with variable coefficients; Section 5 gives the
conclusions.
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22. Multi-waves solutions
Considering the following three waves function with variable coefficients
ξ = θ2(t) cos[ϕ6(t) + ϕ4x+ ϕ5y] + θ1(t) cosh[ϕ3(t) + ϕ1x+ ϕ2y]
+ θ3(t) cosh[ϕ9(t) + ϕ7x+ ϕ8y], (4)
where ϕi(1 ≤ i ≤ 9) and θi(t)(i = 1, 2, 3) are unknown functions. Substituting Eq. (4) into
Eq. (3), we get
ϕ5 = −
ϕ2ϕ
2
7
ϕ1ϕ4
, ϕ8 =
ϕ2ϕ7
ϕ1
, θ2(t) = χ1θ1(t), θ3(t) = χ2θ1(t), ϕ7 = ǫϕ1,
ϕ9(t) = ϕ2ϕ7
∫
ϕ1a(t)[−c(t) + ϕ
2
4 − 4ϕ
2
7] + 3ϕ2ϕ
2
7b(t)
ϕ21a(t)
2
dt+ χ3,
ϕ6(t) = ϕ2ϕ
2
7
∫
ϕ1a(t)[c(t)− 4ϕ
2
4 + ϕ
2
7]− 3ϕ2ϕ
2
7b(t)
ϕ21ϕ4a(t)
2
dt+ χ4,
ϕ3(t) =
ϕ2
∫
−ϕ2ϕ1a(t)b(t)[c(t)−ϕ24+ϕ
2
7]+ϕ
2
1a(t)
2[−c(t)−4ϕ21+ϕ
2
4]+3ϕ
2
2ϕ
2
7b(t)
2
a(t)2 [ϕ1a(t)+ϕ2b(t)]
dt
ϕ1
+ χ5, (5)
where χi(i = 1, · · · , 5) is integral constant, ǫ = ±1. Substituting Eq. (4) and Eq. (5) into
u = 2 [lnξ(x, y, t)]x, we can derive the following multi-waves solutions of Eq. (1)
u = [2[−ϕ4χ1 sin[ϕ6(t) + ϕ4x−
ϕ2ϕ
2
7y
ϕ1ϕ4
] + ϕ7χ2 sinh[ϕ9(t) + ϕ7(x+
ϕ2y
ϕ1
)]
+ ϕ1 sinh[ϕ3(t) + ϕ1x+ ϕ2y]]]/[χ1 cos[ϕ6(t) + ϕ4x−
ϕ2ϕ
2
7y
ϕ1ϕ4
]
+ χ2 cosh[ϕ9(t) + ϕ7(x+
ϕ2y
ϕ1
)] + cosh[ϕ3(t) + ϕ1x+ ϕ2y]]. (6)
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Fig. 1. Multi-waves solutions with a(t) = b(t) = c(t) = θ1(t) = ϕ1 = χ4 = 1,
ϕ2 = ϕ4 = −2, χ3 = 2, χ1 = −1, χ2 = χ5 = 0, ǫ = −1, (a) 3D plot, (b) contour plot.
3. Breather wave solutions
Based on the homoclinic breather approach, we have
ξ = θ2(t) cos[ϕ6(t) + ϕ4x+ ϕ5y] + θ1(t)e
ϕ3(t)+ϕ1x+ϕ2y + e−ϕ3(t)−ϕ1x−ϕ2y, (7)
3where ϕi(1 ≤ i ≤ 6) and θi(t)(i = 1, 2) are unknown functions. Substituting Eq. (7) into
Eq. (3), we get
k(t) = [a(t)b(t)[ϕ22[
(
δ21 − 4
)
ϕ24
(
c(t)− ϕ24
)
+ 3
(
δ21 + 4
)
ϕ24ϕ
2
1 + 24ϕ
4
1]
+ 2ϕ1ϕ4ϕ5ϕ2[−
(
δ21 − 4
)
c(t) +
(
δ21 + 20
)
ϕ21 +
(
5δ21 + 4
)
ϕ24]
+ ϕ25[
(
δ21 − 4
)
ϕ21
(
c(t) + ϕ21
)
+ 6δ21ϕ
4
4 + 3
(
δ21 + 4
)
ϕ21ϕ
2
4]]
+
(
ϕ21 + ϕ
2
4
)
a(t)2[2ϕ1ϕ2[
(
δ21 + 2
)
ϕ24 + 6ϕ
2
1] + ϕ4ϕ5[
(
δ21 + 8
)
ϕ21 + 3δ
2
1ϕ
2
4]]
+ 3
(
ϕ21 + ϕ
2
4
) (
ϕ22 + ϕ
2
5
)
b(t)2
(
δ21ϕ4ϕ5 + 4ϕ1ϕ2
)
]/[
(
δ21 − 4
)
(ϕ2ϕ4 − ϕ1ϕ5)
2a(t)2],
ϕ3(t) = −[
∫
[a(t)[ϕ32
((
δ21 − 4
)
ϕ24
(
c(t)− ϕ24
)
+ 3δ21ϕ
2
4ϕ
2
1 + 12ϕ
4
1
)
+ ϕ1ϕ4ϕ5ϕ
2
2[−2
(
δ21 − 4
)
c(t)−
(
δ21 − 40
)
ϕ21 +
(
7δ21 + 8
)
ϕ24]
+ ϕ25ϕ2[
(
δ21 − 4
)
ϕ21c(t) +
(
δ21 − 16
)
ϕ41 + 3δ
2
1ϕ
2
4ϕ
2
1 + 6δ
2
1ϕ
4
4]
− 3δ21ϕ1ϕ4
(
ϕ21 + ϕ
2
4
)
ϕ35] + 3ϕ2
(
ϕ21 + ϕ
2
4
) (
ϕ22 + ϕ
2
5
)
b(t)
(
δ21ϕ4ϕ5 + 4ϕ1ϕ2
)
]
/ a(t)2 dt]/[
(
δ21 − 4
)
(ϕ2ϕ4 − ϕ1ϕ5)
2]−
1
2
ln θ1(t) + χ6,
ϕ6(t) = [
∫
[a(t)[−ϕ5ϕ
2
2[ϕ
2
4[
(
δ21 − 4
)
c(t) + 12ϕ21]− 4
(
δ21 − 1
)
ϕ44 + 24ϕ
4
1]
− 2ϕ1ϕ4ϕ
2
5ϕ2[−
(
δ21 − 4
)
c(t) +
(
δ21 + 14
)
ϕ21 +
(
5δ21 − 2
)
ϕ24]
− ϕ35[
(
δ21 − 4
)
ϕ21
(
c(t) + ϕ21
)
+ 3δ21ϕ
4
4 + 12ϕ
2
1ϕ
2
4] + 12ϕ1ϕ4
(
ϕ21 + ϕ
2
4
)
ϕ32]
− 3
(
ϕ21 + ϕ
2
4
)
ϕ5
(
ϕ22 + ϕ
2
5
)
b(t)
(
δ21ϕ4ϕ5 + 4ϕ1ϕ2
)
]/a(t)2 dt]
/ [
(
δ21 − 4
)
(ϕ2ϕ4 − ϕ1ϕ5)
2] + χ7, θ2(t) = χ8
√
θ1(t), (8)
where χi(i = 6, 7, 8) is integral constant. Substituting Eq. (7) and Eq. (8) into Eq. (3),
breather wave solutions of Eq. (1) are derived as follows
u = [2[−δ1ϕ4
√
θ1(t) sin[ϕ6(t) + ϕ4x+ ϕ5y] + ϕ1θ1(t)e
ϕ3(t)+ϕ1x+ϕ2y
+ ϕ1[−e
−ϕ3(t)−ϕ1x−ϕ2y]]]/[δ1
√
θ1(t) cos[ϕ6(t) + ϕ4x+ ϕ5y]
+ θ1(t)e
ϕ3(t)+ϕ1x+ϕ2y + e−ϕ3(t)−ϕ1x−ϕ2y]. (9)
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Fig. 2. Breather wave solutions with a(t) = b(t) = c(t) = θ1(t) = ϕ1 = ϕ2 = ϕ7 = 1,
ϕ5 = δ1 = 1, ϕ4 = −2, χ6 = 2, χ7 = 0, (a) 3D plot, (b) contour plot.
4. Lump-type solutions
4Based on the Hirota’s bilinear method with variable coefficients [21,22], lump-type so-
lutions of Eq. (1) are supposed as
ξ = α7(t) + [α3(t) + α1x+ α2y]
2 + [α6(t) + α4x+ α5y]
2
+ Θ1(t)e
ϕ3(t)+ϕ1x+ϕ2y +Θ2(t)e
−ϕ3(t)−ϕ1x−ϕ2y, (10)
where αi(1 ≤ i ≤ 7), ϕi(1 ≤ i ≤ 3) and Θi(i = 1, 2) are undetermined parameters. Substi-
tuting Eq. (10) into Eq. (3), we obtain
(I) k(t) =
a(t)b(t)c(t)−
3(α21+α24)(α1α2+α4α5)(2(α1α2+α4α5)a(t)b(t)+(α21+α24)a(t)2+(α22+α25)b(t)2)
(α2α4−α1α5)2α7(t)
a(t)2
,
α3(t) =
∫ 3(α21+α24)(α1α2+α4α5)((2α2α4α5+α1(α22−α25))a(t)+α2(α22+α25)b(t))
(α2α4−α1α5)2α7(t)
− α2a(t)c(t)
a(t)2
dt
+ χ9,
α6(t) =
∫ 3(α21+α24)(α1α2+α4α5)((−α4α22+2α1α5α2+α4α25)a(t)+α5(α22+α25)b(t))
(α2α4−α1α5)2α7(t)
− α5a(t)c(t)
a(t)2
dt
+ χ10, θ1(t) = θ2(t) = 0, α7(t) = χ11, (11)
(II) α5 = −
α1α2
α4
, α7(t) = θ1(t) = θ2(t) = 0,
α3(t) = χ12 − α2
∫
α2 (α1(b(t)c(t)− a(t)k(t)) + α2b(t)k(t)) + α
2
4a(t)c(t)
α24a(t)
2 + α22b(t)
2
dt,
α6(t) =
∫
α24α2 (a(t) (α1c(t) + α2k(t))− α2b(t)c(t)) + α1α
3
2b(t)k(t)
α34a(t)
2 + α22α4b(t)
2
dt+ χ13, (12)
(III) k(t) =
b(t)c(t)
a(t)
, α5 = −
α1α2
α4
, α7(t) = χ14, θ1(t) = θ2(t) = 0,
α3(t) = χ15 −
α2c(t)
a(t)
, α6(t) = χ16 +
α1α2c(t)
α4a(t)
, (13)
(IV ) k(t) =
b(t)c(t)
a(t)
, α5 = −
α1α2
α4
, α7(t) = χ17, ϕ1 = θ2(t) = 0,
α3(t) = χ18 −
α2c(t)
a(t)
, α6(t) = χ19 +
α1α2c(t)
α4a(t)
, θ1(t) = χ20e
−ϕ2
∫
c(t)
a(t)
dt−ϕ3(t), (14)
(V ) k(t) =
b(t)c(t)
a(t)
, α5 = −
α1α2
α4
, α7(t) = χ21, ϕ1 = 0,
α3(t) = χ22 −
α2c(t)
a(t)
, α6(t) = χ23 +
α1α2c(t)
α4a(t)
,
θ1(t) = χ24e
−ϕ2
∫
c(t)
a(t)
dt−ϕ3(t), θ2(t) = χ25e
ϕ2
∫
c(t)
a(t)
dt+ϕ3(t), (15)
where χi(i = 9, · · · , 25). Substituting Eqs. (10)–(15) into the transformation u = 2 [lnξ]x,
the corresponding lump-type solutions are obtained. Eqs. (11)–(13) represents the lump
solutions. Eq. (14) denotes the interaction solution between lump and one solitary wave.
Eq. (15) represents the interaction solution between lump and two solitary waves.
5. Conclusion
5In this paper, the (2+1)-dimensional vcBLMPe is studied. Multi-waves, breather wave
and lump-type solutions are presented by using the three waves method with variable co-
efficients, the homoclinic breather approach and the Hirota’s bilinear method with variable
coefficients. All results have not been studied in previous literature. Fig. 1 describes the
multi-waves solution (6). Fig. 2 shows the breather wave solution (9). Fig. 3 represents a
lump wave in Eq. (13). Fig. 4 displays the interaction phenomenon between lump and one
solitary wave in Eq. (14). Fig.5 demonstrates the interaction phenomenon between lump
and two solitary waves in Eq. (15).
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Fig. 3. Lump solutions with a(t) = c(t) = θ1(t) = α1 = χ14 = χ16 = 1,
α2 = α4 = −2, χ15 = 2, (a) 3D plot, (b) contour plot.
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Fig. 4. Interaction solution between lump and one solitary wave with c(t) = α4 = −1,
a(t) = ϕ2 = χ18 = χ19 = 1, α2 = 32, χ20 = −3, α1 = χ17 = 2, (a) 3D plot, (b) contour plot.
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Fig. 5. Interaction solution between lump and two solitary waves with ϕ2 = χ23 = 1,
a(t) = c(t) = χ25 = 2, α1 = −2, χ21 = 5, α4 = −1, α2 = χ22 = χ24 = −3,
(a) 3D plot, (b) contour plot.
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